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1. Introduction

In recent years various analytical and numerical methods have been applied for the approximate solutions of
fractional differential equations (FDEs). Since exact solutions of most of the fractional differential equations do not exist,
approximation and numerical methods are used for the solutions of the FDEs. He [1-4] was the first to propose the
variational iteration method (VIM) and homotopy perturbation method (HPM) for finding the solutions of linear and
nonlinear problems. VIM is based on Lagrange multiplier and HPM is a coupling of the traditional perturbation method and
homotopy in topology. These methods have been successfully applied by many authors [3,5-10] for finding the analytical
approximate solutions as well as numerical approximate solutions of functional equations which arise in scientific and
engineering problems. The main feature for the use of VIM and HPM is that they can overcome the difficulties which arise
in the Adomian decomposition method during computations of Adomian polynomials; see [8].

Many physical phenomena [11-15] can be modeled by fractional differential equations which have diverse applications
in various physical processes such as acoustics, electromagnetism, control theory, robotics, viscoelastic materials, diffusion,
edge detection, turbulence, signal processing, anomalous diffusion and fractured media. Momani and Aslam Noor [16]
established the implementation of ADM to derive analytic approximate solutions of the linear and nonlinear boundary value
problems for fourth-order fractional integro-differential equations.

The purpose of this article is to extend the analysis of VIM and HPM to construct the approximate solutions of the
following linear and nonlinear boundary value problems for fourth-order fractional integro-differential equations

D¥y(x) =f(x) + yy() +/ [g@Oy@®) +h(®O)F(y@)ldt 0 <x<b, 3<a=<4 (1)
0
subject to the following boundary conditions:
y(0) =y, Y (0) =, (2)
yb) = Bo,  Y'(b) = B, (3)
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where D* is the fractional derivative in the Caputo sense and F (y(x)) is any nonlinear function, y, yg, y2, Bo and B, are real
constants and f, g and h are given and can be approximated by Taylor polynomials.

2. Basic definitions

In this section, we give some basic definitions and properties of fractional calculus theory which are further used in this
article.
Definition 1. A real function f(x), x > 0 is said to be in space C,, u € R if there exists a real number p > u, such that

f(t) = tPfi(t), where f;(t) € C(0, 00), and it is said to be in the space Cj; if and only if f" € C,,n € N.

Definition 2. The Riemann-Liouville fractional integral operator of order « > 0, of a function f € C,, u > —1, is defined
as

Jf () = ﬁfo t—95""f(s)ds, >0 4)
J°f(0) = f(©).

Some properties of the operator J¢, which are needed here, are as follows:
Forf e C,,u>—1,0,8>0andy > —1:

(1) J2JBf (&) = JPPF(t)
(2) JUJPf(t) iﬁ]gf(t{r
B = ramant™

Definition 3. The fractional derivative of f (t) in the Caputo sense is defined as

o _ 1 ‘ m—a—1¢(m)
DFO) = o [ =9 s 5)
form—1<a<mmeN,t>0,feCmh.

Llemmal. fm—1<a<mmeN,f e ClT, u > —1, then the following two properties hold:
(1) D*J*f(t) = f(&)
(2)

m—1 k
ORI CED Y i 05 ©

3. Analysis of VIM

To illustrate the basic concepts of variational iteration method, consider the fractional differential equation (1) with
boundary conditions (2)-(3).
According to the variational iteration method, we can construct the correction functional for Eq. (1) as:

Yer1(®) = yix) +J° [k (D"yk(X) —fx) = yyx) — / [g@k(p) + h(p)F @k(p))]dp>]
0

1 X N
50+ 1 / (x—9P10(s) (D“yk(s)—ﬂs)—y&k(s) - / Lg(p):vk(p)+h<p)F@k<p>)]dp) s (7)
0 0

where J# is the Riemann-Liouville fractional integral operator of order 8 = o + 1 — m, A is a general Lagrange multiplier
and y denotes restricted variation i.e. 8§y, = 0.

We make some approximation for the identification of an approximate Lagrange multiplier, so the correctional functional
(7) can be approximately expressed as:

Yer1(X) = ye(x) + / A(S) <D4J’k(5) —f(s) = yI(s) — / [e@yr(p) + h(p)F @k(p))]dp> ds. (8)
0

0
Making the above correction functional stationary, we obtain the following stationary conditions:

1-— }‘W(s)|s:x =0, )V/,(S)|s:x =0,
“X©ls=x =0,  A®)l==0, 1M =0.
This gives the following Lagrange multiplier

1 3
As) = g(s —x)°. 9)



2332 Y. Nawaz / Computers and Mathematics with Applications 61 (2011) 2330-2341

We obtain the following iteration formula by substitution of (9) into functional (7),

] X
Yier1(X) = yie(x) + m /(; (x — 5)0(74(5 - X)3 (Da}’k(s) —f () — yyi(s)

-—Awmmwnmwwmmmw>m

(@ —=3)(a—=2)(a—-1)

_ _ * _ -1 o _ _
= () 6T @) /O(X s) <D Yi(s) = () — yyr(s)

- / [e@)yk(p) + h(p)F (vk(p))]dp> ds.
0

This yields the following iteration formula:

(@=3)o—=2)a—-1) ,( , X
Yir1(¥) = yr(x) — 5 T\ Dy — f) — yyu®) — | [g@yk(P) + h(P)F (yi(p)]dp | . (10)
0
The initial approximation y, can be chosen by the following way which satisfies initial conditions (2):
Yo = 10 + yix+ 2k 4+ 2 (11)

where y; = y'(0) and y3 = y"(0) are to be determined by applying suitable boundary conditions (3).
We can obtain the following first-order approximation by substitution of (11) into (10):

(@ =3)(a—=2)(a—-1)

y1(x%) = yo(x) — 5 J* (D“yo(X) —fx) = yyo®) —/ lg()yo(p) +h(p)F(yo(p))]dp>. (12)
0

Similarly, we can obtain the higher-order approximations. If Nth-order approximate is enough, then imposing boundary
conditions (3) in Nth-order approximation yields the following system of equations:

yn(b) = Bo, (13)

Yn(b) = Bs. (14)
From Egs. (13)-(14), we can find the unknowns y; = y'(0) and y3 = y"(0). Substituting the constant values of y; and y3 in
Nth-order approximation results the approximate solution of (1)-(3).

4. Analysis of HPM

To illustrate the basic concepts of HPM for fractional integro-differential equations, consider the fractional differential
equation (1) with boundary conditions (2)—(3).
In view of HPM [3,4], construct the following homotopy for Eq. (1):
X
(1—p)D°y(x) +p (D"y(X) —fx) —yyk) — / [g(®)y(t) + h(t)F (y(t))]dt) =0 (15)
0

or

D*y(x) =p (f(x) +yy(®) + / (g )y () + h(f)F(V(f))]dt> (16)
0

where p € [0, 1] is an embedding parameter. If p = 0, then Eq. (16) becomes a linear equation,
D¥y(x) = 0, (17)
and when p = 1, then Eq. (16) turns out to be the original Eq. (1).
In view of basic assumption of homotopy perturbation method, solution of Eq. (1) can be expressed as a power series
inp:
Y®) = yo(®) + py1(®) + p*y2(0) + Plys(x) + - - (18)
Setting p = 1in (18) results the approximate solution of Eq. (1):

Yx) = yox) + y1(%) +y2(x) +y3(x) +---. (19)
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The convergence of series (19) has been proved in [17]. Substitution (18) into (16), then equating the terms with identical
power of p, we obtain the following series of linear equations:

p°: Do =0, (20)
#:Wm=fm+wmu%h[wmmaﬂmamwumma (21
f:WWZV%@%h[$®m®+%®EmGMM, (22)
f:DW3zymw%+ﬂnm0na)+MOE@A0HM, (23)

where the functions Fy, F;, . . . satisfy the following condition:

F(yo(t) + pyr(6) + pPy2 () + - --) = Fi(o(0)) + pFa(y1(6)) + P*F3(y2(D) + - -
From Eq. (20), the initial approximation can be chosen in the following way:

where y; = y'(0) and y3 = y"’(0) are to be determined by applying suitable boundary conditions (3).
Eqgs. (20)-(23) can be solved by applying the operator J%, which is the inverse of the operator D* and then by simple
computation, we approximate the series solution of HPM by the following N-term truncated series:

OnNX) = Yo(X) +y1(X) +y2(0) + - - + Yyn_1(X). (24)

Note that in expression (24), constants y; and y3 are undetermined. By imposing boundary conditions (3) in (24), we get the
following system of equations

Yo(b) +y1(b) +y2(b) + - - - +yn_1(b) = Bo, (25)

Yo(b) + Y (b) +Y5(b) + -+ +y§_1(b) = Ba. (26)
From Eqgs. (25)-(26), we can find the unknowns y; and y3. Substituting the constant values of y; and y3 in expression (24)
results the approximate solution of (1)-(3).

5. Applications

In this section we have applied variational iteration method and homotopy perturbation method to fourth-order linear
and nonlinear fractional integro-differential equations with a known exact solution at « = 4.

Example 1. Consider the following linear fourth-order fractional integro-differential equation:

X
D*y(x) = x(1 4+ €*) + 3e* + y(x) —[ ydt 0<x<1,3<a<4 (27)
0

subject to the following boundary conditions:

y0)y =1, y'(0)=2, (28)

y)y=1+e,  y'(1) =3e. (29)
For o = 4, the exact solution of problem (27)-(29) is

y(x) =1+ xe".
According to variational iteration method, the iteration formula (10) for Eq. (27) can be expressed in the following form:

(@ =3)a—2)a—-1) ,( X
Vir1(x) = yi(x) — 5 T Dy —x(1+€) — 3" —y(x) + [ ye(D)dt ). (30)
0

In order to avoid difficult fractional integration, we can take the truncated Taylor expansion for the exponential term in (30):
e.g., & ~ 14 x + x*/2 + x3/6 and assume that an initial approximation has the following form which satisfies the initial
conditions (28):

B
Yo(x) = 1—|—Ax+x2+€x3 (31)

where A = y'(0) and B = y"/(0) are unknowns to be determined.
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Table 1
Values of A and B for different values of « using (32).
o =3.25 oa =35 o =375 a=4
A 0.74031475165214 0.81642134845857 0.90761047783198 0.99822354588777
B 5.40426563043794 4.54507997600139 3.71105498995859 3.01192914529881

Absolute error functions

4
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Fig. 2. Comparison of the first-order approximate solution obtained by VIM with the exact solution ato« = 4and o = 3.4.

Now, by iteration formula (30), first-order approximation takes the following form:

3 —-2) (-1 5 4 X
710 = yot — E=DEZDEZ D e (D‘*yo<x>—3—5x—2x2—x3—’;—yo(x>+ / yo(t)dt)
0
=1+ Ax+2+ §x3 _e- I _62)(a — D
(_ 4 G4HAx  A-D¥  4+BR (B—4)x4> )
Fa+1) TI(@+2) T'@+3) Ta+4 T@+5)"

By imposing boundary conditions (29) in y;(x), we obtain Table 1 which shows the values of A and B for different values
of a.

In Fig. 1, we draw absolute error functions E;(x) = |(1 + xe*) — ¥1375|, E2(x) = [(1 4+ x€*) — y135| and E3(x) =
[(1 4+ xe*) — y13.25| for different values of «, where 1 + xe* is an exact solution of (27)-(29) and y13.75, ¥13.5 and y13.25
represent the values of y;(x) at @« = 3.75, « = 3.5 and o = 3.25, respectively (see Fig. 2).
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Table 2
Values of A and B for different values of « using (43).
o =3.25 a =35 o =3.75 a=4
A 1.10186984200028 1.09179499393439 1.05222793297923 0.99906052231083
B —0.29428456125416 0.96679305229906 2.07168041387465 3.00628128299199

According to HPM, we construct the following homotopy:

D*y(x) =p (x(] + € + 3e* +y(x) — / y(t)dt) . (33)
0

Substitution of (18) into (33) and then equating the terms with same powers of p yield the following series of linear
equations:

pO . DO(yO — 0’ (34)
p1 D% = x(1+ €% + 3¢ +yo(x) — / yo(t)dt, (35)
0
p? D%, = yi(x) — / ya(t)de, (36)
0
pY 1 D3 = () — / Yoy, (37)
0

Applying the operator J* to the above series of linear equations and using initial conditions (28), we get;

Yo(x) =1, (38)
y1(x) = Ax +x* + %Bx3 +J“ <X(1 + € + 3e" + yo(x) — / yo(t)dt> , (39)
0
Yal) = J° (yn_1<x> - / yn_1<t>dt) L n=2.34,... (40)
0

where A = y'(0) and B = y”’(0) are to be determined.

In order to avoid difficult fractional integration, we can take the truncated Taylor expansions for the exponential term in
(39)-(40): e.g.. &* ~ 1+ x +x?/2 + x3/6.

Thus, by solving Egs. (38)-(40), we obtain yq, 5, . .. e.g.:

B 3 Ax“ 4Xot+1 5xa+2 6xa+3 4xoz+4

X
X)=AX+x+ — + + + + + 41
N 6 T+l I@+2) T'@+3)  Ia+4  [@+5) )
Axa+1 Xot+2 Xa+3 ont+4 4x2a X2a+2
X) = —— +(Q2-A——— +(B-2 - + +
y2(%) I'(a+2) ( )F(a+3) ( )F(ot+4) F'le+5 TI'QRa+1) TI'QCa+3)
XZDH—B 2x2a+4 4x2a+5
+ - - : (42)
I'u+4) TI'(Re+5) I'Qa+6)
Now, we can form the 2-term approximation
5 BX3 4xY +1 Xot+2 Xot+3
X)=1+MA+x4+—+— +(44+4A—— + (T —A———— +(4+B)————
$2(0) 6  I'+1) ( )F(a+2) ( )r(a+3) ( )F(a+4)
o+4 4X20t XZOH—Z x2a+3 2X20(+4 4x2a+5
+@-B) (43)

(e +5) + I'a+ 1) + ' Qo+ 3) + I'Qe+4) TI'Qa+5) I'Qa+6)

where A and B can be determined by imposing boundary conditions (29) on ¢,. Table 2 shows the values of A and B for
different values of «. In Fig. 3, we draw absolute error functions E4(x) = [(1 4 x€*) — ¢2.375], Es(x) = [(1 4+ x€*) — ¢2.35]
and Eg(x) = |(1 + xe*) — ¢, 325/ for different values of «, where 1 + xe* is an exact solution of (27)-(29) and ¢; 375, 2,35
and ¢, 3,5 represent the values of ¢, at @ = 3.75, = 3.5 and @ = 3.25, respectively.

In Figs. 4a-4c, we compare the approximate solutions obtained by VIM and HPM with an exact solution, and it is clear
from Figs. 4a-4c that the approximate solutions are in good agreement with an exact solution of (27)-(29) ata = 4, = 3.8
and o = 3.2. Also it is to be noted that the accuracy can be improved by computing more terms of approximated solutions
and/or by taking more terms in the Taylor expansion for the exponential term.
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Fig. 4b. Comparison of approximate solutions obtained by 2-term HPM and first-order VIM with exact solution at « = 3.8.
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Fig. 4c. Comparison of approximate solutions obtained by 2-term HPM and first-order VIM with exact solution at @ = 3.2.

Table 3
Values of A and B for different values of « using (49).
o =3.25 a =35 a =3.75 a=4
A 0.94142433289801 0.95800824448441 0.97872080488492 0.99983099013965
B 1.55220395788074 1.35748299844441 1.16499216883507 1.00109530216248

Example 2. Consider the following nonlinear fourth-order fractional integro-differential equation:

X
D%y(x) =1 +f e”y?’(dt, 0<x<1 3<a<4 (44)
0

subject to the following boundary conditions:

yo=1y0=1, (45)

y)=e y'()=e (46)
For o = 4, the exact solution of the above problem (44)-(46) is

y(x) = ée*.
According to the variational iteration method, iteration formula (10) for Eq. (44) can be expressed in the following form:

(¢ = 3)(o = 2)(a = 1) *_
Vi1 () = ye(x) — 5 J¥ | D¥yi(x) — 1 —/ e 'yp(tde ). (47)
0

In order to avoid difficult fractional integration, we can take the truncated Taylor expansion for the exponential term in (47):
e.g.,e* ~1—x+x?/2 — x*/6 and assume that an initial approximation has the following form which satisfies the initial
conditions (45):

X B,
Yo(x) = 1+ Ax + > + ¥ (48)

where A = y’(0) and B = y”’(0) are unknowns to be determined.
Now, by iteration formula (47), the first-order approximation takes the following form:

-3 -2 —1 X
N = yolx) — L@ - UC (D"‘ykoo— 1- / a —t+t2/2—t3/6>yi<t)dr>
0
_ x> B 3 (o —=3)(a—2)(a—1x*
=14+Ax+ 5 + Ex — 5
< ( 1 (1—2A)x 1680B2x° ))
x (- +x(— e ——" ) ). (49)
T+1) Fa+2)  T(@+3) Ia+11)

By imposing boundary conditions (46) in y;(x), we obtain Table 3 which shows the values of A and B for different values
of ar.
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Fig. 6. Comparison of first-order approximate solution obtained by VIM with the exact solution at« = 4 and « = 3.4.

In Fig. 5, we draw absolute error functions E; (x) = |€* —y13.75], Es(X) = |€* —y13.5]| and Eq(x) = |e* — 1 3.25]| for different
values of «, where €* is an exact solution of (44)-(46) and y1 375, ¥1,3.5 and y13.25 represent the values of y;(x) at @ = 3.75,
o = 3.5 and a = 3.25, respectively (see Fig. 6).

Now, we solve Egs. (44)-(46) by homotopy perturbation method.

According to HPM, we construct the following homotopy:

Dy(x) = p (1 + /x e“yz(t)dt> ) (50)
0

Substitution of (18) into (50) and then equating the terms with same powers of p yield the following series of linear
equations:

pO : Dayo — 0’ (51)
X
p': D% =1 +/ e'ys(t)dt, (52)
0
X
p*: D%, = Zf e 'yo(t)y1(0)dt, (53)
0

p’:D%; = / e~ (2yo()y2(t) + yi(t))de, (54)
0
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Table 4
Values of A and B for different values of « using (61).
o =3.25 o =35 o =375 a=4
A 1.00646865931986 1.01085715673040 1.00647005332874 0.99746675420551
B 0.34838722251386 0.59592879361901 0.59592879361901 1.01767767908914
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Fig. 7. Absolute error functions Eqo(x), E11(x) and Eq»(x) obtained by 2-term HPM with « = 3.25, « = 3.5 and o = 3.75.

Applying the operator J* to the above series of linear equations and using initial conditions (45), we get;
Yo(x) =1, (55)
¥ 1 X
y1(x) = Ax + 5+ ng3 + (1 + / efyg(t)dr) , (56)
0
X
You(x) =J* (/ e~ (2yo(t)Yan—o(t) + 2y1(D)y2n—1(8) + - - - + 2Yn—1(O)Y2n—n—1)(t) +Y§(f))df> ,
0
n=12734,... (57)
X
Y1 (x) =J* (f 2e7 (Yo (t)yan+1(t) + y1(OY@ns1—1(t) + - - +yn(t)y2n+1fn(t))dt> , n=12,3,4,... (58)
0
where A = y'(0) and B = y”’(0) are to be determined.
In order to avoid difficult fractional integration, we can take the truncated Taylor expansions for the exponential term in

(56)-(58): e.g. e ™ ~ 1 —x+x*/2 —x*/6.
Thus, by solving Egs. (55)-(58), we obtain yq, y5, ... e.g.:

x2 BX3 X Xot+l xot+2 Xot+3 on+4
X) =Ax+ — + — — — 59
y1(®) T2 % +F(a+1)+r(a+2) F(a+3)+F(a+4) I'(a+5) (59)
2Axa+2 2Xa+3 4Axot+3 6X(x+4 ZBXOI+4 12X(1+5 8AX0£+5 6ont+5
Y2(x) = + - = + + - -
'e+3) I'e+4) TI'(e+4) I'(e+5 TI'(e+5 I'(a+6) TI'(x+6) I'(x+6)
20Xa+6 ZOBXOt+6 4OBxa+7 2t201+1
- + — + + .- (60)
I'la+7) TI'(a+7) T'(a+8 TI'QRa+2)
Now, we can form the 2-term approximation
x>  Bx® x* x4 t1 xt2 3xet3 a-td
X)=1+Ax+ — + — 2A—1 - 2B+7)——
$200 = T+ A+ o+~ +F(a+l)+F(oz+2)+( )F(a+3)+F(a+4) 2B+ )r(a+5)
12Xa+5 8AX0(+5 GBXa+5 20x01+6 ZOBXOt+G 4OBX01+7 2t2a+1
+--- (61)

Ma+6) I'(@+6) TI'@+6) I'a+7) +F(ot+7) I'(@+8) + I'a +2)

where A and B can be determined by imposing boundary conditions (46) on ¢,. Table 4 shows the values of A and B
for different values of «. In Fig. 7, we draw absolute error functions, Eig(x) = |€* — ¢2.375], E11(x) = | — ¢h2.35] and
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Fig. 8a. Comparison of approximate solutions obtained by 2-term HPM and first-order VIM with exact solution at o« = 4.

Exact solution
+  Approximate solution by HPM |— — — —

¢ Approximate solution by VIM

4--=

2.8

2.6 -

12— ———

0.1

Fig. 8b. Comparison of approximate solutions obtained by 2-term HPM and first-order VIM with exact solution at « = 3.8.
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Fig. 8c. Comparison of approximate solutions obtained by 2-term HPM and first-order VIM with exact solution at @ = 3.2.

|e* — ¢,.3.25]| for different values of o, where e* is an exact solution of (44)-(46) and ¢, 375, ¢2.35 and ¢, 325
represent the values of ¢, at @ = 3.75, « = 3.5 and o = 3.25, respectively. In Figs. 8a-8c, we compare the approximate

E12(x)
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solutions obtained by VIM and HPM with an exact solution, and it is clear from Figs. 8a-8c that the approximate solutions
are in good agreement with an exact solution of (44)-(46) at « = 4, « = 3.8 and @ = 3.2. Also it is to be noted that the
accuracy can be improved by computing more terms of approximated solutions and/or by taking more terms in the Taylor
expansion for the exponential term.

6. Conclusion

In this article, variational iteration method (VIM) and homotopy perturbation method (HPM) have been successfully
applied to linear and nonlinear boundary value problems for fourth-order fractional integro-differential equations. Two
examples are presented to illustrate the accuracy of the present schemes of VIM and HPM. Comparisons of VIM and HPM
with exact solution have been shown by graphs and absolute error functions are plotted which show the efficiency of the
methods.
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