
In[9]:= Integrate[Cos[x]^2/(1+Tan[x]),x]

Indefinite integrals: Hide steps


cos2(x)

1 + tan(x)
ⅆx

1

8
(4 x + sin(2 x) + cos(2 x) + 2 log(sin(x) + cos(x))) + constant

Possible intermediate steps:
Take the integral:


cos2(x)

tan(x) + 1
ⅆx

Multiply numerator and denominator of
cos2(x)

tan(x) + 1
by sec4(x):

 
sec2(x)

sec4(x) + sec4(x) tan(x)
ⅆx

Prepare to substitute u tan(x). Rewrite
sec2(x)

sec4(x) + sec4(x) tan(x)
using sec2(x) tan2(x) + 1:

 
sec2(x)

(1 + tan(x)) 1 + tan2(x)
2
ⅆx

For the integrand
sec2(x)

(1 + tan(x)) 1 + tan2(x)
2

, substitute u tan(x) and ⅆu sec2(x)ⅆx:

 
1

(u + 1) u2 + 12
ⅆu

For the integrand
1

(u + 1) u2 + 12
, use partial fractions:

 
1 - u

4 u2 + 1
+

1 - u

2 u2 + 12
+

1

4 (u + 1)
ⅆu

Integrate the sum term by term and factor out constants:


1

4


1 - u

u2 + 1
ⅆu +

1

2


1 - u

u2 + 12
ⅆu +

1

4


1

u + 1
ⅆu

Expanding the integrand
1 - u

u2 + 1
gives

1

u2 + 1
-

u

u2 + 1
:


1

4


1

u2 + 1
-

u

u2 + 1
ⅆu +

1

2


1 - u

u2 + 12
ⅆu +

1

4


1

u + 1
ⅆu



Integrate the sum term by term and factor out constants:

 -
1

4


u

u2 + 1
ⅆu +

1

4


1

u2 + 1
ⅆu +

1

2


1 - u

u2 + 12
ⅆu +

1

4


1

u + 1
ⅆu

For the integrand
u

u2 + 1
, substitute s u2 + 1 and ⅆ s 2 uⅆu:

 -
1

8


1

s
ⅆ s +

1

4


1

u2 + 1
ⅆu +

1

2


1 - u

u2 + 12
ⅆu +

1

4


1

u + 1
ⅆu

The integral of
1

s
is log(s):

 -
log(s)

8
+

1

4


1

u2 + 1
ⅆu +

1

2


1 - u

u2 + 12
ⅆu +

1

4


1

u + 1
ⅆu

The integral of
1

u2 + 1
is tan-1(u):


1

4
tan-1(u) -

log(s)

8
+

1

2


1 - u

u2 + 12
ⅆu +

1

4


1

u + 1
ⅆu

For the integrand
1 - u

u2 + 12
, substitute u tan(p) and ⅆu sec2(p)ⅆ p. Then u2 + 12  tan2(p) + 12

 sec4(p) and p tan-1(u):


1

4
tan-1(u) -

log(s)

8
+

1

2
 cos2(p) (1 - tan(p)) ⅆ p +

1

4


1

u + 1
ⅆu

Write cos2(p) as 1 - sin2(p):


1

4
tan-1(u) -

log(s)

8
+

1

2
 1 - sin2(p) (1 - tan(p)) ⅆ p +

1

4


1

u + 1
ⅆu

Expanding the integrand 1 - sin2(p) (1 - tan(p)) gives -sin2(p) - tan(p) + sin2(p) tan(p) + 1:


1

4
tan-1(u) -

log(s)

8
+

1

2
 -sin2(p) - tan(p) + sin2(p) tan(p) + 1 ⅆ p +

1

4


1

u + 1
ⅆu

Integrate the sum term by term and factor out constants:


1

4
tan-1(u) -

log(s)

8
+

1

2
 sin2(p) tan(p) ⅆ p -

1

2
 tan(p) ⅆ p -

1

2
 sin2(p) ⅆ p +

1

2
 1 ⅆ p +

1

4


1

u + 1
ⅆu

Write sin2(p) as 1 - cos2(p):


1

tan-1(u) -
log(s)

+
1
 1 - cos2(p) tan(p) ⅆ p -

2     



4
tan (u)

8
+

2
 1 cos (p) tan(p) ⅆ p

1

2
 tan(p) ⅆ p -

1

2
 sin2(p) ⅆ p +

1

2
 1 ⅆ p +

1

4


1

u + 1
ⅆu

Expanding the integrand 1 - cos2(p) tan(p) gives tan(p) - sin(p) cos(p):


1

4
tan-1(u) -

log(s)

8
+

1

2
 (tan(p) - sin(p) cos(p)) ⅆ p -

1

2
 tan(p) ⅆ p -

1

2
 sin2(p) ⅆ p +

1

2
 1 ⅆ p +

1

4


1

u + 1
ⅆu

Integrate the sum term by term and factor out constants:


1

4
tan-1(u) -

log(s)

8
-

1

2
 sin(p) cos(p) ⅆ p -

1

2
 sin2(p) ⅆ p +

1

2
 1 ⅆ p +

1

4


1

u + 1
ⅆu

For the integrand sin(p) cos(p), substitute w cos(p) and ⅆw -sin(p)ⅆ p:


1

4
tan-1(u) -

log(s)

8
+

1

2
 w ⅆw -

1

2
 sin2(p) ⅆ p +

1

2
 1 ⅆ p +

1

4


1

u + 1
ⅆu

The integral of w is
w2

2
:


w2

4
+

1

4
tan-1(u) -

log(s)

8
-

1

2
 sin2(p) ⅆ p +

1

2
 1 ⅆ p +

1

4


1

u + 1
ⅆu

Write sin2(p) as
1

2
-

1

2
cos(2 p):


w2

4
+

1

4
tan-1(u) -

log(s)

8
-

1

2


1

2
-

1

2
cos(2 p) ⅆ p +

1

2
 1 ⅆ p +

1

4


1

u + 1
ⅆu

Integrate the sum term by term and factor out constants:


w2

4
+

1

4
tan-1(u) -

log(s)

8
+

1

4
 cos(2 p) ⅆ p +

1

4
 1 ⅆ p +

1

4


1

u + 1
ⅆu

For the integrand cos(2 p), substitute v 2 p and ⅆv 2ⅆ p:


w2

4
+

1

4
tan-1(u) -

log(s)

8
+

1

8
 cos(v) ⅆv +

1

4
 1 ⅆ p +

1

4


1

u + 1
ⅆu

The integral of cos(v) is sin(v):


w2

4
+

1

4
tan-1(u) -

log(s)

8
+

sin(v)

8
+

1

4
 1 ⅆ p +

1

4


1

u + 1
ⅆu

The integral of 1 is p:


p

4
+
w2

4
+

1

4
tan-1(u) -

log(s)

8
+

sin(v)

8
+

1

4


1

u + 1
ⅆu

    3



4 4 4 8 8 4

u + 1

For the integrand
1

u + 1
, substitute z1  u + 1 and ⅆ z1  ⅆu:


p

4
+
w2

4
+

1

4
tan-1(u) -

log(s)

8
+

sin(v)

8
+

1

4


1

z1
ⅆ z1

The integral of
1

z1
is log(z1):


p

4
-

log(s)

8
+

1

4
tan-1(u) +

sin(v)

8
+
w2

4
+

log(z1)

4
+ constant

Substitute back for z1  u + 1:


p

4
-

log(s)

8
+

1

4
log(u + 1) +

1

4
tan-1(u) +

sin(v)

8
+
w2

4
+ constant

Substitute back for v 2 p:


p

4
+

1

8
sin(2 p) -

log(s)

8
+

1

4
log(u + 1) +

1

4
tan-1(u) +

w2

4
+ constant

Substitute back for w cos(p):


p

4
+

1

8
sin(2 p) +

cos2(p)

4
-

log(s)

8
+

1

4
log(u + 1) +

1

4
tan-1(u) + constant

Substitute back for p tan-1(u):

 -
log(s)

8
+

1

4
log(u + 1) +

1

2
tan-1(u) +

1

8
sin2 tan-1(u) +

1

4
costan-1(u)

2
+ constant

Simplify using costan-1(z) 
1

z2 + 1
:


-u2 + 1 log(s) + 2 u2 + 1 log(u + 1) + u + 1 + 4 u2 + 1 tan-1(u)

8 u2 + 1
+ constant

Substitute back for s u2 + 1:


1

8 u2 + 1
2 u2 + 1 log(u + 1) + u + 1 - u2 + 1 logu2 + 1 + 4 u2 + 1 tan-1(u) + constant

Substitute back for u tan(x):


1

8
sin(2 x) + cos(2 x) + 4 tan-1(tan(x)) + 2 log(tan(x) + 1) - logsec2(x) + 1 + constant

4     



Which is equivalent for restricted x values to:

Answer:


1

8
(4 x + sin(2 x) + cos(2 x) + 2 log(sin(x) + cos(x))) + constant

log(x) is the natural logarithm »

sec(x) is the secant function »
tan-1(x) is the inverse tangent function »

Plots of the integral:
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Alternate forms of the integral: More

1

8
sin(2 x) +

1

8
(4 x + cos(2 x) + 2 log(sin(x) + cos(x))) + constant

1

8
4 x + 2 sin2 x +

π

4
 + 2 log(sin(x) + cos(x)) + constant

x

2
-

sin2(x)

8
+

cos2(x)

8
+

1

4
sin(x) cos(x) +

1

4
log(sin(x) + cos(x)) + constant

Expanded form of the integral: Step-by-step solution

x

2
+

1

8
sin(2 x) +

1

8
cos(2 x) +

1

4
log(sin(x) + cos(x)) + constant

    5



Series expansion of the integral at x=0:

1

8
+ x -

x2

2
-
x4

12
+Ox5

(Taylor series)

Big-O notation »

Series expansion of the integral at x=-π/4:

1

8
2 logx +

π

4
 - π - 1 + log(2) +

3

4
x +

π

4
 +

5

24
x +

π

4


2

-
1

6
x +

π

4


3

-
61

720
x +

π

4


4

+
1

30
x +

π

4


5

+O x +
π

4


6

(generalized Puiseux series)

Big-O notation »

Series expansion of the integral at x=(3 π)/4:

1

8
2 log x -

3 π

4
+ (3 + 2 ⅈ) π - 1 + log(2) +

3

4
x -

3 π

4
+

5

24
x -

3 π

4

2

-
1

6
x -

3 π

4

3

-
61

720
x -

3 π

4

4

+
1

30
x -

3 π

4

5

+O x -
3 π

4

6

(generalized Puiseux series)

Big-O notation »

6     

http://mathworld.wolfram.com/Big-ONotation.html
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