In[9]:= ﬁ Integrate[Cos[x]*2/(1+Tan[x]),x]

Indefinite integrals: Hide steps LH

cos?(x) 1 ] )
‘[7 x= —(4x+sin(2 x) + cos(2 x) + 2 log(sin(x) + cos(x))) + constant
1 + tan(x) 8
Possible intermediate steps:
Take the integral:

cos?(x)
f LN
tan(x) + 1

. ) cos2(x)
Multiply numerator and denominator of —————— by sec*(x):
tan(x) + 1

B sec2(x) 4
B f sec*(x) + sec*(x) tan(x) *

. . sec?(x)
Prepare to substitute u = tan(x). Rewrite

using sec?(x) = tan?(x) + 1:
sect(x) + sec*(x) tan(x)

sec?(x)
= f dx
(1 + tan(x)) (1 + tan?(x))*

2
. sec”(x) . ‘
For the integrand - substitute u = tan(x) and du = sec?(x) dx:
(1 + tan(x)) (1 + tan(x))

1
=f—alu
+1) (2 +1)

1
For the integrand —————»use partial fractions:
w+1)(u?+1)

1-u 1-u 1
= + + du
ﬂ4(u2+1) 2 (w2 +1) 4(u+1)]

Integrate the sum term by term and factor out constants:

1 1-u 1 1-u 1 1
=—f du+—f—du+—f du
4Ju?+1 2 (u2+1)2 4J u+1

l-u 1 u
Expanding the integrand gives - :
u*+ 1 w41 ur+1

1 1 u 1 1-u 1 1
S SRR P e S
4JV2+1 ur+1 2 (u2+1)2 4 ) u+1




Integrate the sum term by term and factor out constants:

1 u 1 1 1 l-u 1 1
=——f cﬂu+—f du+—f—du+—f du
4Ju*+1 4Ju*+1 2 (u2+1)2 4Ju+l

u

For the integrand , substitute s =u”> + 1 and ds =2 udu:

u? + 1

1 rl 1 1 1 1-u 1 1
=——f—a7s+—f du+—f7du+—f du
8J s 4J u*+1 2 (u2+1)2 4Ju+1

]
The integral of — is log(s):
s

log(s) 1 1 1 1—u 1 1
=- +—f dZu+—f—du+—f du
8 4Ju*+1 2 (u2+1)2 4Ju+1

The integral of is tan~!(u):

u? + 1

1 logs) 1 [ 1-u 1ol
= —tan"'(u) — + —f du+ —f du
4 8 2 (uz + 1)2 4J u+1

l—u
For the integrand (7)2, substitute u = tan(p) and du = sec?(p) d p. Then (1 + l)2 = (tan’(p) + l)
w?+1

= sec*(p) and p = tan"! (u):

log(s) 1 ) 1 1
+—fcos (p)(l—tan(p))dp+—f—du
2 4 J u+l

= —tan"l(u) -
2 ()

Write cos?(p) as 1 — sin?(p):

I I 1 I
= Jtan”l() - Ogg(s) ; 5[(1 — sin?(p) (1 — tan(p)) d p + 4—f du

u+1

Expanding the integrand (l — sinz(p)) (1 —tan(p)) gives —sinz(p) —tan(p) + sinz(p) tan(p) + 1:
log(s)
8

1 1 1
+ 5 f(—sinz(p) — tan(p) + sin?(p) tan(p) + l)cﬂp + n —du

= —tan"'(u) —
4 u+1

Integrate the sum term by term and factor out constants:

I 1
%(S) + 5 fsinz(p) tan(p) d p —

1 an(p)d 1 WO d 1 . 1 1
— | tan — — | sin + — + —
s Jumpap=3 [swwraveg fraeg [

Write sin(p) as 1 — cos?(p):
log(s)

1t‘l()
= —tan™ (u) —
4

du

1
= —tan~ () — + — r(l —cos2(mtan(m d n —

2



4 e ey ] - 2 J - AN Y etV e 4

1 1 1 1 1
— |tan(p)d p — — | sin(p)d +—f1d +—f du
2f P dp 2f Wdpto Jrdreg |0

Expanding the integrand (1 — cos?(p)) tan(p) gives tan(p) — sin(p) cos(p):
g g g

log(s) 1 ]
2 +5 f (tan(p) — sin(p) cos(p)) d p -

: tan(p) d : in’(p)d : 1d : ! d
— | tan - — | sin + — + — u
s Junoar=3 fsworaps s fraoe g [0

Integrate the sum term by term and factor out constants:

1t ') log(s) 1 in(p) cos(p) d 1 () d 1 L d 1
= —tan~ (1) - — — | sin(p) cos — — | sin + — + —
4 8 2f P paep 2f prep 2f P 4f

1t‘l()
= —1t1an u)—
4

u+1

For the integrand sin(p) cos(p), substitute w = cos(p) and dw = —sin(p) d p:

L w log) 1o ) d Llig ) 1
= —tan () - ——+ — | wdw— — |sin + — + —
4 sty Jravg [wodres [1apeg [

B
w*
The integral of w is 7:

w2 1‘[ W log(s) 1 f 2 d 1fld lf
= —+ —tan" ' (u) — — — | sin + — + —
4 4 8 2 prep 2 P 4

du

du

u+1

1 1
Write sin?(p) as — — — cos(2 p):
yi 55 p
w1 N log(s) 1 (1 1 o ))d L bt
= —+ —tan"'(w) — —— || == —cos + — + — u
4 4 8 2f2 2 P P Zf P 4fu+l

Integrate the sum term by term and factor out constants:

w?oo1 » log(s) 1 2 pd 1 d 1 1 4
= —+ —tan"l(u) - + — [ cos + - + - u
44 8 4f pep 4f P 4f

u+1

For the integrand cos(2 p), substitute v=2 p and dv=2d p:

w2 1 a1 () log(s) 1 f v d 1 flcl 1 f
= —+ —tan" (u) - + — Jcos(v)dv+ — + —
4 4 8 8 4 P 4

du

u+1

The integral of cos(v) is sin(v):
w2 1 log(s) sin(v) 1 1 1

=—+—tan‘1(u)—g—(+ ()+—f1dp+—f du
4 4 8 8 4 4

The integral of 1 is p:
2
w
.Y —tan~'(u) —
A A

A

log(s sin(v 1 1
2(s) . v) [‘ du
o o P |

du



“+ “+ “+ o o 4J utl

For the integrand , substitute zy =u+ 1 and dz; = du:

u+1

B

w? log(s) sin(v) 1 1
= —+—+—tan"'(u) - g()+ ()+— —dz
4 4 8 8 4J z;

N

1
The integral of — is log(z)):
Z]

sin(v) w? log(z))
+ 7+

log(s
_L_ &) + —tan~!(u) +
4 8 4

+ constant

Substitute back forz; = u + 1:

log(s) 1 1 sin(v) w?
L &) + Zlog(u +1)+ 4—tan‘1(u) + ) + T + constant

4 8

Substitute back for v=2 p:

log(s) 2

11 w+1) 1t L) i tant
+ —log(u+ 1)+ —tan™ " (u) + — + constan
it 4 4

p 1.
—+ —sin(2 p) —
4 8 P

Substitute back for w = cos(p):
cos?(p)  log(s)

p 1 1
—+ —sin(2 p) + + —log(u + 1) + —tan~!(u) + constant
4 8 P 4 g 4

Substitute back for p = tan™!(u):

log(s) 1 1 1 |
= — g8( ) + 4_10g(u +1)+ Etan_l(u) + —sin(2 tan‘l(u)) + 4—cos(tan‘1(u))2 + constant

1

V22 +1 .

—(1? + 1) log(s) + 2 ((t? + 1) log(u + 1) + u+ 1) + 4 (u? + 1) tan™" ()
= + constant
8 (u?+1)

Simplify using cos(tan‘] (z)) =

Substitute back for s = u? + 1:

1
= 8( 5 1)(2 ((”2 + I)IOg(M + 1) +u+ 1) — (u2 + 1)10g(u2 + l) +4 (uz + 1)tan‘1(u)) + constant
u- +

Substitute back for u = tan(x):

1
= < (sin(2 x) + cos(2 x) + 4 tan~! (tan(x)) + 2 log(tan(x) + 1) — log(secz(x)) + 1) + constant



Which is equivalent for restricted x values to:

Answer:
1 . .
= g (4 x + sin(2 x) + cos(2 x) + 2 log(sin(x) + cos(x))) + constant
log(x) is the natural logarithm »

sec(x) is the secant function »

tan~'(x) is the inverse tangent function »

Plots of the integral:

Complex-valued plot | ~

— real part
— imaginary part

min 0 max 0

Complex-valued plot | ~

— real part
— imaginary part

min U max U
Alternate forms of the integral: More

1 1
g sin(2 x) + g (4 x + cos(2 x) + 2 log(sin(x) + cos(x))) + constant

1 n
g (4x +V2 sin(2 X+ Z) + 2 log(sin(x) + cos(x))) + constant

x  sin?(x)  cos?(x)

2 8 8

1
+ Z sin(x) cos(x) + Z log(sin(x) + cos(x)) + constant

Expanded form of the integral: Step-by-step solution

x 1 1 1
5 + g sin(2 x) + g cos(2x) + Z log(sin(x) + cos(x)) + constant



Series expansion of the integral at x=0:
1 xr Xt
- o)
8 2 12

(Taylor series)

Series expansion of the integral at x=—77/4:

(sl 31 vom) e e )
—(2loglx+ —|-m—-1+10 + —|x+ =]+
P e W g 4 4

5 m? 1 m3 6l m* 1 m\°
—(x+—) ——(x+—) ——(x+—) +—(x+—) +O(x+
24 4 6 4 720 4 30 4

(generalized Puiseux series)

Series expansion of the integral at x=(3 1)/4:

1(21 ( 3ﬂ) 3+2i 1+1 2) 3( 3ﬂ)
S ogx—T +QB+2)m— +0g()+z _T+

Big-O notation »

)

Big-O notation »

5 3y 1 37\ 6l 3y 1 315 371)\6
R
24 4 6 4 720 4 30 4 4

(generalized Puiseux series)

Big-O notation »

WolframAlpha


http://mathworld.wolfram.com/Big-ONotation.html
http://mathworld.wolfram.com/Big-ONotation.html
http://mathworld.wolfram.com/Big-ONotation.html
http://www.wolframalpha.com

